A cratered asteroid acts somewhat like a retroflector, sending light and infrared radiation back toward the Sun, while thermal inertia in a rotating asteroid causes the infrared radiation to peak over the "afternoon" part. In this paper a rotating, cratered asteroid model is described, and used to generate infrared fluxes which are then interpreted using the Near Earth Asteroid Thermal Model (NEATM). Even though the rotating, cratered model depends on three parameters not available to the NEATM (the dimensionless thermal inertia parameter and pole orientation), the NEATM gives diameter estimates that are accurate to 10% RMS for phase angles less than 60 • . For larger phase angles, such as back-lit asteroids, the infrared flux depends strongly on these unknown parameter, so the diameter errors are larger; and real world complications such as non-spherical shapes have been ignored.
INTRODUCTION
Rotation causes a diurnal oscillation in the illuminating flux on a surface element of an asteroid. During the day, heat is conducted into the surface, while during the night this heat is radiated. The combination of this phase delayed conducted heat and the direct heat from the Sun leads to a temperature maximum during the afternoon on an asteroid, just as it does on the Earth. Rotating models of planets (Wright 1976) and asteroids (Peterson 1976 ) which incorporate the effects of thermal inertia have been in use for decades. But these models do not show the peaking near zero phase angle seen in real asteroids. This lack is addressed in the standard thermal model (STM) for asteroids (Lebofsky et al. 1986 ) by evaluating the flux at zero phase angle and then applying a linear 0.01 mag/degree phase correction. This beaming of the infrared radiation toward the Sun reduces the total reradiation, so in order to conserve energy the subsolar temperature is computed by replacing the emissivity of the surface ǫ by ǫη, where the beaming correction η = 0.756. This approximately conserves energy, but the STM is really an empirical fitting function rather than a physical model. Infrared observations of Near Earth Objects (NEOs) analyzed using the STM yielded inaccurate diameters for small, rapidly rotating NEOs seen at large phase angles, so Harris (1998) developed the Near Earth Asteroid Thermal Model (NEATM). In the NEATM the beaming correction η is an adjustable parameter, and the infrared flux is evaluated by integrating the emission over the asteroid surface seen from the actual position of the observer. The observed color temperature is matched by adjusting η, and then the NEATM specifies the average surface brightness of the object, so the observed flux implies a diameter.
Neither the STM nor the NEATM has a physical explanation for the beaming effect, but Hansen (1977) provides one using a cratered asteroid model. If an asteroid is covered with craters, the peak temperature on the surface at the sub-solar point will be higher. Furthermore, the flux at zero phase angle from areas near the limb will be much higher than in either STM or the NEATM, since while the surface is a mixture of illuminated and shadowed areas, the illuminated areas are closer to facing the Sun, and an observer at zero phase angle Electronic address: wright@astro.ucla.edu sees only the lighted areas. The lack of visible shadows at zero phase angle cause a peak in the emission at opposition. In order to get enough shadowing, it is necessary to have a substantial amount of concavity in the surface, which could be due to a porous granular surface, or to the craters considered by Hansen (1977) .
Cratering and thermal inertia have been combined into a single thermophysical model by Lagerros (1996) . The thermophysical model used in this paper has been developed independently, but is very similar to the Lagerros (1996) model with the crater covered fraction set to 100%, and with depth to width ratio given by (1 − cos θ max )/(2 sin θ max ) = 0.2 for θ max = 45 • . In the rotating cratered asteroid model, heat is conducted vertically into and out of the surface, but not horizontally. The facets in a given crater can see each other and see the Sun, but there is no radiative transfer of heat from one crater to another. Thus the problem of finding the temperature distribution on the asteroid breaks up into many small problems of finding the temperature vs. time of each facet.
The equation describing heat conduction in the surface layer is
where κ is the thermal conductivity, ρ is the density, and C is the specific heat per unit mass. The heat flow into the surface is κ ∂T ∂z . Letting ζ = z/κ, then the heat flow is ∂T ∂ζ and the heat conduction equation is
which depends only on the thermal inertia Γ = √ κρC.
In Wright (1976) the value of Γ = 0.006 cal/cm 2 /K/sec 1/2 was used for Mars. In more modern units this is 251 J/m 2 /K/sec 1/2 . Harris (2006) gives values for Γ of 10-20 for main belt asteroids, 50 for the Moon, 150 & 350 for the NEOs Eros & Itokawa, and 2500 J/m 2 /K/sec 1/2 for bare rock. Putting in the solar heating and thermal radiation, I get
where Ω is the rotational frequency of the asteroid, R is the distance of the asteroid from the Sun, L ⊙ is the solar luminosity, A is the albedo, ǫ is the emissivity in the thermal infrared, and σ is the Stephan-Boltzmann constant. This assumes the special case of an equatorial region with the sub-solar latitude (β ⊙ ) of zero. In general the max(0, cos θ) would be replaced by either the cosine of the angle between the Sun and the surface normal, or zero if the facet is shadowed on the Sun is below the horizon. The unit of temperature in the code is
which is the equilibrium temperature of a surface oriented toward the Sun. Let y = T /T • , giving
and
Redefine the depth variable again using w = ǫσT 3 • ζ = z/H where H is the distance such that a temperature gradient of T • /H sets up a conductive flux equal to the radiative flux ǫσT 4
• . These equations are now max(0, cos θ) − y 4 = ∂y ∂w
The coefficient is a dimensionless measure of the importance of thermal inertia on the temperatures. It is about Θ = 1.5 for Mars using the parameters of Wright (1976) . Now let y = n y n exp(inθ − k n w). The solutions to the equation
must have inΘ 2 = k 2 n so k n = Θ n/2(1 + i) for n > 0. For negative n, k n = Θ |n|/2(1 − i) must be taken to guarantee the solution is damped toward z = ∞.
The physical length scale given by H/Θ = Γ/(Cρ √ Ω). Since Cρ ≈ 10 6 J/m 3 /K and Ω ≈ 10 −4 rad/sec, the length scale is smaller than 10 cm. Thus the assumption of no horizontal heat conduction is reasonable for craters > 1 m.
The heat flow into the surface is ∂y ∂w = − n y n k n exp(inθ).
Now take y(θ, 0) as a triangle wave centered at θ = 0 with 
The heat flow into the surface is ΘG(θ) with θ centered θ = 2πm/N is: Figure 2 shows the function G(m) for N = 32.
The mutual irradiation of the crater facets introduces a coupling matrix. The contribution of facet j to facet i goes like π −1 ∆Ω j R 2 cos(θ j ) cos(θ)/d 2 ij where θ i = θ j are the angle of emission and incidence, ∆Ω j is the solid angle of the facet on the spherical cap crater, and d ij = 2R cos(θ j ) is the distance between the facets. Thus the coupling is just ∆Ω/4π. The total light falling on a facet is given by
where D i is the direct solar flux, and S i is the total flux on a facet. Averaging this equation gives
where f c is Ω crater /4π, the fraction of the sphere included in the spherical cap craters. For the θ max = 45 • used here, f c = (1 − cos θ max )/2 = 0.15. Therefore
For the calculations reported here, the craters were divided into 127 facets, consisting of a central circle surrounded by rings of 6, 12, . . . , 36 square facets. Since the resulting facet size of 2θ max /13 ≈ 7 • was fairly coarse, the direct insolation D i was computed as µ i f v times F ⊙ , where f v is the fraction of the facet that is visible from the Sun, and µ is the cosine of the angle between the surface normal and the Sun. The visible fraction is computed using a finer pixelization of the sphere, HEALpix (Górski et al. 2005) with 49,152 pixels. Figure 3 shows the facet structure with a crater.
In the thermal infrared, the mutual visibility of the facets couples their temperatures together. The total infrared flux falling on a facet is
Averaging this equation gives
Remembering that the unit of flux is both (1 − A)F ⊙ and ǫσT 4
• , and that only a fraction ǫ of the incident heat H is absorbed, we get a power balance equation
where y ij is the temperature of the i th facet at the j th time, and there are n facets and N times. This is a set of n × N = 127 × 32 = 4064 coupled non-linear equations in 4064 variables. Fortunately the facet to facet coupling is weak and can be handled by iteration, so the task of solving for the temperatures is not too onerous.
There is little point in using extremely fine subdivisions of the asteroid's surface. The brightness temperatures of Mars were calculated by Wright (1976) using only 6 latitudes. In the calculations reported here, 16 latitudes were used, and the rotation period was divided in 32 time steps. This gives 65,024 temperatures to be found. These temperature pattern are plotted in Figures 5, 6 & 7 for Θ values of 0.1, 1 & 10 with sub-solar latitude of 30 • .
Observed Flux Calculation
Given the temperature distribution, the observed flux is found by integrating over the surface of the asteroid. For a given frequency ν, the quantity x • = hν/kT • is found. Then the observed infrared flux is found using
where dΣ(β, j) is the surface area of the asteroid in the bin at latitude β and longitude given by j, D is the distance to the observer, µ f is the cosine of angle between the normal to the surface and the line of sight, and (f v µ) ijβ is the fraction of the i th facet visible by the observer times the cosine of the angle between the facet normal and the line of sight. The observed bolometric optical flux is
This can be multiplied by F ν (⊙)/F bol (⊙) to give the reflected optical spectrum. In this paper the latitudes are uniformly spaced in sin β, so dΣ is a constant. The assumption that the asteroid is spherical only enters into dΣ, so any convex shape for an asteroid can be accommodated merely by changing the weights dΣ going into the flux sum.
NEATM FITTING
The rotating cratered asteroid model described model has been used to predict infrared fluxes for NEOs, and then these fluxes have been used in the NEATM to find the beaming parameter η and the diameter d. For a given observation, the distance to the Sun and the phase angle are known, but there are still two angles and the thermal inertia parameter Θ that need to be specified. Figure 8 shows the definition of the two angles, which are the sub-solar latitude and the clock angle. Examples are shown in Figures 9 and 10 for a 1 km diameter asteroid 1.4 AU from the Sun, with albedo A = 0.1 and emissivity ǫ = 0.9. At a 50 • phase angle, the errors in the NEATM calculated diameters are small, but for 90 • the maximum error increases by a factor of 4. These calculations have been done using the planned 12 & 23 µm bands of the Widefield Infrared Survey Explorer (WISE, (Mainzer et al. 2006) ) which is scheduled for launch in 2009.
DISCUSSION
The NEATM can reproduce the model diameters for quite well for phase angles α < 60 • . Figure 11 shows that the errors are small for any clock angle as long as the phase angle is smaller than 60 • . This conclusion does not depend strongly on either the sub-solar latitude or the thermal inertia parameter Θ. To show this for a representative sample of real obser- vations, Monte Carlo simulations of NEO observations from a Spitzer Space Telescope proposal (SNEAS, PI Eisenhardt). 577 NEOs were found to be observable by Spitzer during Cycle 4, with good signal-to-noise ratio in the IRAC 5.8 & 8 µm bands. Only the distance to the Sun and the phase angle were taken from this observation table. Then fluxes were computed for a random distribution of pole positions and thermal inertias. The pole positions were chosen uniformly in 4π steradians, and the thermal inertias were chosen uniformly in the logarithm in the range 0.1 < Θ < 10. To choose a random pole position one picks sin β ⊙ uniform in [0 − 1] and the clock angle uniform in [0−2π]. For each of the 576 objects 10 different choices of pole position and Θ were analyzed. The fluxes were then analyzed using the NEATM to derive η and a diameter. The RMS diameter errors, binned by phase angles, are shown in Figure 13 . Both the WISE 12 & 23 µm bands, and the Spitzer IRAC 5.8 & 8 µm bands give data that work well with the NEATM.
When the NEATM breaks down at large phase angles, the estimated diameter is usually too large. Figure 12 shows the distribution of the errors for the Monte Carlo observations in Figure 13 . The distribution is clearly positively skewed. Figure 13 shows that the NEATM works reasonably well for moderate phase angles when compared to a more complete thermophysical model. But to show that the NEATM works in the real world one needs comparisons to real objects with size determined by radar or spacecraft imaging. Harris & Lagerros (2002) find that NEATM diameter errors average less than 10% for phase angles less than 60 • , but the number of objects in the comparison was quite small.
CONCLUSION
The errors in diameters computed from the NEATM for asteroid observations at phase angles less than 60 • are less than 10% RMS. For WISE, observing at 90 • elongation, any object with a distance larger than 0.6 AU will have a phase α < 60 • . The Spitzer Space Telescope can observe at elongations between 85 • and 120 • , so only very close passes involve α > 60 • . The error evaluated in this paper only includes the errors due to not knowing the thermal inertia and pole orientation of an asteroid. There will be additional errors due to uncertainties in the true emissivity of the asteroid surface, but these errors should be small, since the emissivities in the thermal infrared are quite close to the maximum possible value of 1.0. Diameters from the NEATM do not depend on the assumed albedo so there is no additional error from albedos. WISE will obtain ≈ 10 observations of each asteroid spread over 30 hours, and will thus get good sampling of asteroid lightcurves, which greatly reduces the errors associated with non-spherical shapes. WISE will be sensitive enough to measure hundreds of thousands of asteroids, and fitting the WISE 12 & 23 µm fluxes using the NEATM will provide reasonably good diameter limits for a large sample of asteroids.
